Please cite this article as:

Grzegorz Biernat, Justyna Borys, llona Catusinska, Agnieszka Surma, The three-band matrices, Scientific Research of
the Institute of Mathematics and Computer Science, 2008, Volume 7, Issue 2, pages 119-122.

The website: http://www.amcm.pcz.pl/

Scientific Research of the Institute of Mathematics and Computer Science

THE THREE-BAND MATRICES

Grzegorz Biernat, Justyna Borys, llona Calusinska, Agnieszka Surma

Institute of Mathematics, Czestochowa University of Technology, Poland
imi@imi.pcz.pl

1. Formulation of the problem

In practical problem with numeric description of heat flowing [1] (Fourier equa-
tion), the diffusion (Fick equation), etc. there are large linear system equations with
3-band matrices. In the paper we give the direct models for the determinants (proper-
ty 1 and 4) and the algebraic complement of that matrices (property 2 and 5). In the
result we receive the direct models for solving the linear systems equations expressed
by the 3-band matrices (property 3 and 6).

2. Solution of the problem

Let
(a b 0 0 0]
b a b 0 0
0 b b 0
a,=. 7 ° (1)
00 b a
_0 0 ... 0 b ajl .

be the 3-band matrix of dimension 7.

Property 1. The determinant of the matrix A4, is given by the formula

-1 -2 -3
W,=detd, =a" - B P A g R e P L ()
1 2 3
Inductive proof. W, = a. Suppose
k-1 k-2 k-3
W, =detd, = a* —( { jakzb2 +[ 5 Jak4b4 —[ 3 jak6b6 +... (3)

for k=n—-1 and k=n. Then
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-1 -2
W, =aW, bW, =a"" —[T}z"‘lbz +(”2 Ja"‘3b4 —(”3 jaHb“ fo. (@)

This end the proof.

Property 2. The algebraic complement of the matrix A4, is given by the formula

2 j+1
Ay =45 = (_ 1) _,+ blVVj—an—j—l (%)
where j>1 and 0</<n—j.
Proof. A simple observation.
Property 3. Let
\Lk
a b 0 c
b a b ... ¢, ..
2 e e ©
0 c,.p, a b
00 ¢, b 4,

We have

k-1 n—k
Z,= Wn—kzci(_l)i+kbk_im—l +Wk—lzck+i(_1)2k+ibiWn—k—i’ where W, =1 (7)

i=1 i=0

So, the linear system equations

(¢ b 0 0 o x, | [ ¢ |
b a b 0 01 x, ¢y
0 b b 0
L B ®)
0 ... b a b|x,, Coi
100 ... 0 b a|x,]| [¢c]
gives
k=1 ) ) n—k o
Wk Zci GVl /S ch+i D',
X, = i=l1 i=0 (9)

/4

n
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for 1<k <n.
Let

[a 0 0 0]

b a b 0

0 b b ... 0

B,=|. 7 (10)

b a b

L 0 2b aj, .

be the quasi 3-band matrix of dimension 7.

Property 4. The determinant of the matrix B, is given by the formula

2 3 4
voma =l | " e = L T et T e~
0 20 1 3l 2

Proof. We have

-2 -3 -4
V,=W,-b*W,,=a"—n P T gt BT ey (12)
0 2( 1 302

This end the proof.
Property 5. The algebraic complements of the matrix B, are given by the formulas
B =B, :lejflnfj;,,Where j=L.,n—land 0</<n—j-1 (13)
B, =4, =b"7jo71’ where j =1,...,n (14)
B;, =24, =2bn7jo71’ where j =1,...,n—1 (15)
Proof. A simple observation.
Property 6. Let
L
a 0 ¢ 0
b a c; ... 0
Un=(.) b .a c:3 0 (16)
0 0 o1 a
0 0 ¢, 2b a

i) For k=1,2,...,n—1 we have
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k-1 n—k
U, =V, D, c:(=D" bW+ W, > e (~D*BV, . where ¥, =1 (17)

i=1 i=0

i) and for kK =n we have

\Lk:n
a b 0 0 ... ¢
b a 0 ... o
0 b b ... ¢ = . , 18
. . .a . . .3 :zzci(_l)l+nbn_1m—l+ann—1 ( )
i=1
b a c,
0 2 ¢, |,

So, the linear system equations

b 0 0 .. O] x )
a b 0 - 0 x2 Cz
b a b ... 0| x; c3
=| (19)
00 ... b a bx,, Coi
10 0 ... 0 2b a x, | |c¢, |
gives
k-1 ) ) n—k o
Vi 26D O WL+ WL D e (DB
X, = i=1 Vn i=0 (20)
for k=1,2,....n—1 and
n—1 ) )
2) e (D" e W,
x ==l 21
0 v (21)
for k=n.
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