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Abstract. The aim of the contribution is to obtain a macroscopic model equation for the
quasi-linear heat conduction in a two phased-laminated medium. The analysis will be based
on the tolerance averaging technique.

1. The quasi-linear heat conduction
Problem of quasi-linear heat conduction is not new. Some informations on this
subject one can find in [1]. The well-known quasi-linear equation of the heat conduction
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where heat conductivity k and specific heat c depend on temperature ϑ and ρ is
a mass density, can be reduced to the form
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where κ = k / ρ c is a function of argument Θ.
This situation takes place only if the heat conductor is homogeneous. For a periodically heterogeneous conductor the heat conduction problems can be investigated by using the asymptotic homogenization procedure, cf. Artole and Duvaut
[2]. However, the homogenized equations are independent of the microstructure
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size. To remove this drawback an alternative approach to the macro-modelling of heat conduction was proposed, known as the tolerance averaging
technique [3]. This technique was applied to the heat conduction analysis in [4-7].
The aforementioned contributions were restricted to the analysis of linear problems. In contrast to the above papers, in this contribution we are to apply the tolerance averaging technique to the investigation of a certain special quasi-linear heat
conduction problem.

2. Formulation of the problem
The object of considerations is a two-phased micro-periodic laminate a fragment of which is shown in Figure 1. Let us assume that the laminae are homogeneous and isotropic. Moreover, the heat conduction coefficients k′, k″ in pertinent
laminae depend on the increment of temperature θ by means of
k ′ = k0′ (1 + δ ′θ )
k ′′ = k0′′(1 + δ ′′θ )

(4)

Here, k0′ , k0′′ are positive and δ′, δ″ are non-negative material constants. Hence,
material properties of the conductor are uniquely characterized by functions k0(x1),
δ(x1), ρ(x1), c(x1) which are piecewise constant.
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Fig. 1. A two-phased laminated medium

It is assumed that period λ (c.f. Fig. 1) is sufficiently small when compared to
the smallest characteristic length dimension of the conductor. By c′, c″ and ρ′, ρ″
we denote a specific heat and a mass density in pertinent laminaes, respectively. It
has to be emphasized that the temperature θ in formula (4) is restricted by conditions k ' > 0 and k '' > 0 .
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The aim of this contribution is to derive the macroscopic mathematical model
related to the problem described by equation

∂ i ( k ∂ iθ ) − ρ cθ = 0

(5)

under assumption (4). To this end the tolerance averaging method will be used [3].

3. Analysis
As a tool of macro-modelling of equation (5) the tolerance averaging technique
will be taken into account. We denote x = ( x1 , x2 , x3 ) as cartesian orthogonal coordinates in space and t as a time coordinate. Using this technique we introduce the
micro-macro-decomposition

θ ( x, t ) = ϑ ( x, t ) + h ( x1 )ψ ( x, t )

(6)

where h(x1) is the saw-like shape function [3]. The basic unknowns are: averaged
temperature ϑ = ϑ ( x,t ) and temperature fluctuation amplitude ψ = ψ ( x,t ) .
After tolerance averaging of equation (5) we obtain the system of equations for
ϑ and ψ in the form

∂ i k ∂ iϑ + k ∂1h ∂1ψ − ρ c ϑ = 0

λ 2 k ∂α ∂αψ − k ( ∂1h ) ψ − k ∂1h ∂1ϑ − λ 2 ρ c ψ = 0
2

(7)

where i = 1, 2,3 and α = 2,3. At the same time we have

(

k = k0 ( x1 ) 1 + δ ( x1 ) (ϑ + h ( x1 )ψ )

)

(8)

It can be proved that after substituting (8) to (7), coefficients in model equations are independent of temperature fluctuation amplitude ψ.

4. Final result
The main result of the above analysis is that the quasi-linearity of equations (7)
is imposed only on averaged temperature ϑ but the problem is linear with respect
to the temperature fluctuation amplitude ψ. The obtained model equations will be
applied to the investigation of special heat conduction problems in a separate contribution.
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