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Abstract. This paper concerns the heat conduction problem aircular thin plate sub-
jected to the activity of a heat source which clesrits place on the plate surface with time.
The heat source moves along an circular trajeatound centre of the plate with constant
angular velocity. The solution of the problem igadhed in an analytical form by using the
Green’s function method.

Introduction

The solutions of heat conduction problems in cecyllates with moving heat
sources are presented in papers [1-3]. An analdmaroach to multi-dimensional
heat conduction in composite circular cylinder sgbgd to generally time-
dependent temperature changes has been presenpegben [1]. Boundary tem-
peratures were approximated as Fourier seriesLa@plkace transform was adopted
in deducing the solution of the problem. In paggrduthors develop an integral
transform determineing temperature distributioraithin circular plate. The plate
is subjected to a partially distributed and axisyetma heat supply. Authors find
the temperature field analytically by using thdtérn~ourier and the finite Hankel
transforms. An inverse problem of axially symmetiansient temperature and
deflection of a circular plate is solved in pap&}. |A heat flux is assumed on an
internal cylindrical surface of the plate. The smn of the problem was obtained
by applying the Fourier cosine and the Laplacesfiams. A solution to the prob-
lem of heat conduction in a rectangular plate sttbpbto the activity of a moving
heat source is presented in paper [4]. The heatsauoves along an elliptical
trajectory on the plate surface. An exact solutiothe problem in an analytical
form is obtained by applying the Green’s functioathod.

This paper presents an analytical solution tohbat conduction problem in
a circular thin plate which is heated by a moviregithsource. The temperature of
the plate changes because the heat source moves @loular trajectory on the
plate surface. A solution of the heat conductioobfgm in an analytical form is
obtained by using the Green’s function method.
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1. Problem formulation

Consider a circular thin plate of thickndsand radius = b. This plate is sub-
jected to the activity of a moving heat source. Tibat source moves on the plate
surface along a circular trajectory at radiysaund centre of the plate with con-
stant angular velocity. The temperature distribuflalr,¢,z,t) of the plate is de-

scribed by the differential equation of heat coniturc[5]:

0°T 10T 1 0°T 27T 1 10T
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where: T [ ¢ zt )- temperaturek - thermal conductivitya - thermal diffusivity,

andg(r,¢,zt) denotes a volumetric energy generation.

In this study, it is assumed that the thermal enégrovided by the moving
heat source (which moves along a circular trajgctor the plate surface). The
function g € g ,zt) occurring in equation (1) has the form

9(r.@.zt) = 60(r —1p) o(p- #(1)) 5(z - h) 2

where @ characterises the stream of the héal,is the Dirac delta functiom, is
the radius of the circular trajectory along whible heat source moveg; i§)the

function describing the movement of the heat source
P(t) = at (3)

wherewis angular velocity of the moving heat source.
The differential equation (1) is completed by thidwing initial and boundary
conditions:

T(¢,¢z20=0 (4)

L =g T, - Th.@2 ) (5)
o,

K22 @00 = afT, =T (1, 0) (6)

K2 € @0 =-aT, =T (. p0.Y] @)

where a, is the heat transfer coefficienl, is the known temperature of the sur-
rounding medium.
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2. Solution of the problem

The solution of the problem in an analytical folsrobtained by using the prop-
erties of the Green’s function (GF). The GF of theat conduction problem de-
scribes the temperature distribution induced by tdraporary, local energy im-
pulse. The function is a solution to the followitifferential equation [5]:

92 c;+1<ac;+ 19°G,9°G _10G _dlr - p)ale-¢)d(z-¢)alt - 7) @®
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The Green’s function satisfies the initial and hgeweous boundary condi-
tions analogous to the conditions (4)-(7).

The GF for the considered heat conduction probleay be written in the form
of a series:

G(r.pzt)= Z gm(r.z,t)cosm(g- @) (9)

m=-co

Substituting (9) into equation (8) gives

2 2 2 — - —
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The initial and boundary conditions are in the form

09
gm(r,Z,O):O, (ag _iuogmj :0
r=b
agm agm
- =0, + m =0 11
(02 :uongZ:O (02 Ho9 JZZh (11)

where y, = %.

The solution of the initial-boundary problem (9)tjilcan be presented in the
form of a series

On(128)= 2 Fon(r )04 (2) (12)

where®, (z) are eigenfunctions of the following boundary pesbl

2
o, ,

= By, (2)=0 (13)
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[dc‘l”z“ —uownJ =0 [d(j”z +uownj =0 (14)
220 z=h
The functionsy4(2) are expressed as [6]
w,(2)= B,cosB,z+ u,sinB,z, n=12... (15)
whereg, are roots of the equation
24y B, cosBh (B2 - 1,2 )sin B, =0 (16)
These functions are pairwise orthogonal so thatdhewing condition is satisfied
h
Junabn(de= {0 @)
where Q, = Jrl( n(z))zdzzﬂ(ﬁ’rf +/,1§)[1+’Bf?;’u":sin2 ,Bnhj (18)
5 2 2UshB:
The Dirac functiorXz— {) may be written in the form
5z-¢)= élélfn (Zg:/n ) (19)

Substituting Egs. (12) and (19) into Eqg. (10) gives

2 2 - -
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The initial and boundary conditions are

Fan(r0)=0, =0 (21)

r=b
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In order to solve the problem (20)-(21), the fumeti/,(r,t) is written in the
form

/_mn(r ’t) = élRmk(r)Tmnk (t) (22)

where functionsR, r( )are obtained as solutions of the Bessel's equation

+= + -——|R\r)=0 23
arZ r ar ymk rz k() ( )
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where y,,, are separate constants. Moreover, the followinglitmns are satisfied
MRy (r) <+, Ry (b) = HoRme(0) =0 (24)
The solution of equation (23) takes the form

Rmk(r) = Cl‘Jm(ymkr) + C2Ym (ymkr) (25)

where ¥(0) denotes the Bessel function of the first kindbaderv. Using the first
condition (24),C,= 0 was received. Therefore the solution of Eq) (85

Roc(r) = Cudm (Vini?) (26)

Substituting the functioank(r) into the second condition (24) one obtains

bymk‘]m—l(bymk)_ (m+ bluo)‘Jm(bymk):O (27)

The equation (27) is then solved numerically wibpect to the unknowp,,,
Note that the function®, r (satisfy the orthogonality conditions:

b

130 (VD) I (Ve T)dr =0 for k'#k (28)

0

b
I3 )i =

mk

Jm(ymkb)‘]mﬂ(ymkb) for k=1,2,... (29)

o —T

Hence, taking into account (26) in Eq. (22), thection /¢ t) is obtained in
the form

00

/-mn(r't): Z‘]m(ymkr)Tnnk(t) (30)

_a Yodnmd)  elgron) o
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Finally the Green’s function G has the form

where Tolt)=

[ 00

dreztod ¢1)= 3 ZQiF mn(r ) (), (¢ )cosmip-9)  (31)

m=-c0 =1}

The temperature distributiof(r,gzt) is expressed by the Green’s functiGras
follows

t b 27 h , \
T(rg.zt)=[dr[do[dgfo(p.¢ ¢ 1)G(r@zt;p.9¢ 70z (32
0 0 0 0
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After evaluation of the integrals in the space dion@end using Eq. (2) one obtains
the temperatur@ r (¢,zt, n the form

t
T(rp.zt)=0|G(r.@zt;ry,¢(7 },hr )dr (33)
0
Substituting the Green’s function (31) into Eq.)8Bes

T(rp28)= 72 £ 53 A d(nato Nt Wi @ (0) 1l t) - (34)

where

1 ymk
A‘nn i
“ Qn ‘]m(ymkb)‘-]m+l(ymkb)

(1) = icosm( - B(1)ExH ~k(B2 + Y2, )(t -1 )dr

and ) are roots of the equation (27). The integrals banevaluated through
a series expansion [4] or numerically.

Conclusions

In this paper, an analytical model to describettinee-dimensional temperature
field for a circular plate with a heat source whinbves over its surface was estab-
lished. The moving heat source causes cyclic hgatirvarious plate areas. The
temperature distribution in the considered platariranalytical form was obtained
using the time-dependent Green’s function.
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