Please cite this article as:
Jolanta Borowska, tukasz tacinski, Jowita Rychlewska, Czestaw Wozniak, On the tolerance averaging for differential
operators with periodic coeffficients, Scientific Research of the Institute of Mathematics and Computer Science, 2008,
Volume 7, Issue 1, pages 17-22.
The website: http://www.amcm.pcz.pl/

Scientific Researctf the Instituteof Mathematicand Computer Science

ON THE TOLERANCE AVERAGING FOR DIFFERENTIAL
OPERATORSWITH PERIODIC COEFFICIENTS

Jolanta Borowska, tukasz taciiski?, Jowita Rychlewskh Czestaw Weniak®

Y nstitute of Mathematics, Czestochowa University of Technology, Poland
2Institute of Computer and |nformation Sciences, Czestochowa University of Technology, Poland
3Chair of Sructural Mechanics, Technical University of Lodz, Poland
jolaborowska@o2.pl

Abstract. The aim of this contribution is to propose thestahce averaging for differential
operators with periodic coefficients. The averagtaghnique presented in this paper is
based on proper limit passages with tolerance peteanto zero. This approach is a certain
generalization of that presented in [1].

Introduction

The tolerance averaging of differential operatoighweriodic coefficients is
based on the concept of slowly-varying and a spe&eaomposition of unknown
field. This concepts can be defined asymptoticély introducing to equation
a small parameted. In the course of asymptotic homogenization patamé
tends to zero but in every specific problem undersaderatio has to be treated
as constant. In contrast to homogenization thedote averaging of differential
operators is a non-asymptotic technique based e ghysical hypotheses rather
than on the formal analytical procedures. That s/ we introduce physically
reasonable non--asymptotic definitions of the syevdrying functions. These
definitions take into account the mathematical ephof tolerance and the physi-
cal idea of indiscernibility.

1. Basic notions and concepts

Let Q be aregular region iiR" andm be a positive integef,< m<n. We de-
fine the basic celld=[-A,/2,4,/2|x..x[ A, 124, /3 where A >0 for i<m;

A, =0 for i>m. By A we denote a diameter &f . Moreover, we introduce deno-
tation O(x) =x+0, xOR" and assume tha®, =0(x) n Q is the connected set
for every x @ . For an arbitrary integen, 1< m<n, we introduce gradient ope-
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rators 8 =(0,,...,0,,,0,...0 and = (0,...,®, ., ,.0, ,) such thatt=0+0 . Let

vDC()_), setting vy :v|Q , XBD_, we introduce the following differences
Avy (2)=v(z) -v(x) if z@
(Dvx \F‘Dv )0 o(x) i

The tolerance averaging of differential operatoithweriodic coefficients is
based on the concepts of slowly-varying and flubtmashape functions. Now
these concepts will be defined.

Definition 1
Functionv O H%(Q ) will be called slowly varying function (with resgieto the
cell O and tolerance parametdrif for every x [Q

[T "HO(QX) <o

The above condition will be written down in therfow 01 SV§ € ;0).

If for function v JH'Q ) and for everyx[@ the following conditions hold

() ol oq,) <0

X

(ii) |A (DO )||(H0( Qx))"s o

then we shall WritevDS\/§(2 ;D), i.e. v is slowly varying together with its first
gradient.
Definition 2

Periodic function hOHY(OJ) will be called fluctuation shape function,
hOFS'(D), if

(i) h(x), 0h(x)0O(A) for a.e. XD
(i) (h)=o0, <Dh>= 0

0 (08 ()4 dhuoa3 o]
Remark 1

If vOSVOQ P Col ) then(Dk@ (e )[élz) o(x)].
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Remark 2
If vOSVEQ )1 C& ) then
0 (D Hmx | )[dfz) o(x)]
(ii) (D@ Hmx §) &Hz) o(x)]
(ii) (Dm ¢(m u@( h Fe(m ci( )
O P o0 h(z) h(2) o(x)]

2. Fundamentals of averaging

In this Section we are to formulate averaging ebmposite function by using
limit passage with the tolerance paramet€(0,3] to zero. LetvOSV2Q ;0J).

For every x[@ we define vf OISV ;D)Q

as a family of functions and

X

n
j as a family of vector functions such that

55[5\/50(1 0)
0 vi(z)=v(x)+0(e). 2
(i) Vi (2)=0u(x} O(f)
(ii) O(n(2)e5 (2)F 2 h(2)o x)+ h( z)] w0 Ofe),
Hence if& - 0 then I|m | < (z)=v(x) and I|m vx( ) =D0v(x).

Subsequently Ie¢—¢(z,w( ),0w(z )) z[@ , w,0d] C(R) be a compo-
site function such thap (G, 0wl L7 (0) and ¢(Z,DZ)]DC(\_) for a.e. z0J,

AOR"™ . The fundamental assumption imposed on fieldn the framework of
the tolerance averaging approach will be givenha form of the following
h-decomposition

w=wp =g +hAvA

1
v,va0SVEQ ), M FSH(O), A 1,..N D

Under denotationsv = (vg,vy,...07 ) , hz(ho,h1 ..... hN), where h® =1 the

aforementioneth-decomposition will be given in the form
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wy=h )

Definition 3
By the tolerance averaging of functign underh-decomposition (2) we shall
mean

(@) (0(x). Be(x)F ﬁm(j | lim ¢ (2,05 (2Ph(2)21 (£ (2) h(2)))ez

where (= (] v@,_vlm..,_v,\,).
Hence

(@) (v(x). Bo(x)F ﬁé #(v.o(xJIh(y) o(xJ3 h(y} h(y} v(x))dy (3)

It can be seen that functior{g), DC(E_) where = is a bounded domain in

RN(1+n—m) +n +1.

3. Averaging of differential operators
The aim of this Section is to derive the toleraneeraging form of differential
operatorL and equationLw =f where f =p, p=KOw and wOHQ ),
fOL*Q ), K; OL%(0), i,j=1....n. To this end we apply tHedecomposition
setting
_nK
wp =vkh™, K=0,1,..N

(4)
h=1 hAOFSHO), A& 1,...N

Let Lv=(f), Lio=(h"f), K=1..N and Op*=0p® for K=0,

Op*= 0 pX for K =A=1,...,N. The vector operatoky, =(Lﬂ,L}],...,Lw) will be
called the tolerance averaging of operator
Definition 4

EquationL,v = f, defined by
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fKE<hKf>

LKv=fK, K=01,.N
where

k- 1K= £K

pK :<hKK D(hLvL)>h

rK :<ahKKD(hLvL)>h

()

(6)

(7)

is said to be the tolerance averaged equationdoaten Lw = f under decompo-

sition (4).

Conclusions

The proposed formal modelling can be applied to forenation of different
mathematical models for the analysis of thermomeiciah processes and phenom-
ena in microheterogeneous solids and structures. problems related to some

applications of this approach will be studied inth@oming papers.

References

[1] Wozniak C., Wierzbicki E., Averaging Techniques in Tiemechanics of Composite Solids-
Tolerance Averaging versus HomogenizationgsEzchowa University Press, €&tochowa 2000.



