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Abstract. This paper deals with some plane contact probleancelastic laminated half-
plane with boundary normal to layering. The congsde problem is solved within
the framework of the homogenized model with miccaloparameters given by \kuak
[6], Matysiak and Weniak [7]. The body is assumed to be composed ofiyered, perio-
dically repeated laminae. The perfect mechanicaldb between the layers is assumed.
Moreover, the boundary condition for normal stresse boundary normal to layering is
approximated by using approach given by Perkowtsitl. 8], Matysiak and Perkowski [9].
This approach allows to reduce the described pnolite well-known dual integral equa-
tions and it can be solved exactly. Thus, the mwbis solved by using analytical methods.
The results of numerical analyses shown the digidh of contact pressure and stress
distributions are presented in the form of figures.

Introduction

The construction elements, which are working intaohwith another elements
can be endangered to high contact pressures. THelling of contact problem is
very important from the engineering point of viemdat was developed by many
researchers, for example [1-5]. The contacted Isodamsidered in these mono-
graphs were homogenous. For the periodically laye@mposites, the contact
problems with the boundary parallel to the layeringre developed in [6-8].
In this paper, the periodically layered elastidiuddne with the boundary perpen-
dicular to the layering is considered. Such medisitlescribed within the frame-
work of theory of elasticity by partial differentiaquations with discontinuous,
oscillating coefficients. The application of thippeioach to solve the considered
problem is rather complicated. So, the natural ¥gagpplied some approximated
method, which allows to simplify the formulated plem. Some of them is
homogenized model with microlocal parameters gibgnWazniak [9-11] and
applied to layered composites by Matysiak andziik [12]. This approach was
derived by using the concepts of nonstandard aisatgsnbined with some postu-
lated a priori physical assumptions. The equatfnhe homogenized model are
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expressed in terms by unknown macro-displacemerdsnadcrolocal parameters.
The microlocal parameters can be determined byates of macro-displacements
(see for example Kacmgki and Matysiak [6-8]). In that way we obtained
the partial differential equations with constanteffiwient, which permit to
describe of the body. The continuity conditionsioterfaces, which are fulfilled
within the framework of the homogenized model.

This paper considers the two-dimensional contagblpm formulated within
the framework of the homogenized model with miccaloparameters. The non-
homogenous half-space is composed of two-layeredogieally repeated
sublayers. The perfect mechanical bounding is takém account. The infinity
long punch is pressured into the body on the bayndarmal to the layering and
boundary condition for contact pressure is averaggdusing approach given
by Perkowski et al. [13], Matysiak and Perkowskd][1The obtained analytical
results will be presented in the form of figures.

1. Formulation of the problem

In this paper we confined to analyse of stressridigions and contact
pressures produced by long infinity rigid punchssiged with intensityP into
the periodically layered composite half-plane witte boundary normal to
layering, (see Fig. 1). Considerations were coregtrivith two cases, when
the cross-section of pressured punch has a paraivalectangular shape. L&a
denote the width of contact zone. L{g¢ y,z) comprise Cartesian coordinate sys-

tem such that th axis is normal to the layering.
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Fig. 1. A cross-section of two-layered periodicalmposites for two cases pressured punch:
a) parabolic, b) rectangular

A representative volume element called by fundaaielayer of thicknessd is
composed of two homogeneous isotropic elastic Jaykich thicknesses equd)]

and J,, respectively. The mechanical properties of themasite constituents are
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characterized by Lame constamts, ;, j =1,2. The considered problem can be

described by following boundary conditions:
— on the boundary foy =0

w:f'(x), for [x<a
X
o) (x,00=0, for |x>a (1)

() —
JX; (x,00=0, for xOR .

- the regularity conditions at infinity

o, g, o) -0 for X +y* - e (2)

where f (x) is a shape of punch cross-section. The funcfigix) can be written

for considered cases (see Fig. 1) in the form:
- parabolic punch

2

f(x)=D —X—, D =const., R =const. (3)
2R
- rectangular punch
f(x)=D, D =condt. 4)

and the constanD is called by depth of penetration.

2. The homogenized model with microlocal parameters

The displacement vector in the case of plane sihtgtrain is postulated in
the form [6, 12]:

u(x,y)=(U (xy) +h(oa, (x.y) Vv (x.y) +hx)a, (x.y) .0 (5)

whereU, V are unknown functions called the macro-displacemeandq,, d,
are unknown the microlocal parameters. The micallparameters can be elimi-
nated from the equations of the model taking intooant the functionh(x)
(called the shape function) in the form [6, 12]:

x=0.59, for O<x<
h(x) = ' 4 (6)
-nxIA-n)-0.9, +J, I(1-n7) ford, <x <o
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where
n=ao,/o (7)
The following approximations for displacements alativatives of displacement
are given [6, 12]:
u::U,V::V1a_u::a_U+hqu’ %:a_u, @:G_V_F qu’ ﬂ:a_v
ox  0Xx dy 0dy o0x OX dy oy

where h;, j=1,2 is a derivate of shape functidr(x) in the j-th kind of layer

(8)

being of the composite constituents:
h=1h,==7/1-7) 9)

The governing equations of the homogenized mod#i wiicrolocal parameters
are [6, 12]:

2
Aa_g+cg+(8+0)ﬂ =0
0X oy oxdy (10)
2
VA @ +0)dY o
ox oy oxoy
and
a—(i)_c a_U+a_V (i) _Aa_u +Ba_v
Xy dy Ox o 0x oy (11)
=p Y g N L0 A (0‘” 0“)) j=1z
% I ox gy’ 7% /]j+2,uj * I ’
where
R 2
A=nA +A1N,, Rl1710,4,) . A ;7/11+1’Z ’
(12)
A=y +@=mty, Wl =n(u,-u,) . A ;’7””1/1/7#2
i Al+24) . A
Al:/]+2/:7_([ ]A 2[{:[]) >0’ AZ:A +27 A[]A>O
A+20 A+2u
e i
B:A—Mﬂl C=ﬂ-ﬂ>0 (13)
A+2[ H
_ A £ =4ﬂj(/1j+ﬂj)+ A B,j=1 :

D, E
LA+ J A +2u; A+
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The system of equations (10) can be separated thydircing the potentials
W, W, [15] as follows

U=x ow, ik, o, V= ow, N ov, (14)
o0x 0x oy oy
where
- -C
Kj :i (15)
B+C
and yf j =1, 2, are the solutions of characteristic equations
ACy +(B?+2BC -AA,) )7 +AC =0 (16)
Thus, we have the following separated equations
°’WY.  9*Y.
i ] + ] :01 j :1’2 17
Vi o oy j (17)

The characteristic equation (16) has four realsagt, * J, in the form

y :[AAQ—ZBC—Bzix/Z

2AC J ,A=(B? +2BC -AA,}’ —4AALC? >0 (18)

3. Solution of the problem

Let us to consider the boundary condition (1) cabee with the normal stress
componentg{) in the form:

D_a_U+E.a—V:O, for [ >a,y=0,j=1: (18)
"ox oy

The left hand side of equation (18) represents spmgs and the solution of
formulated problem is rather complicated. The plddooundary condition (18)
can be replaced by averaged condition given in 148,

ou ov
B—+A —=0, for [x{>a,y=C 19
o A oy |X] y (19)
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The formulated problem will be solved by Fouriesinsform method. Let us
denote by f Fourier transform of functionf with respect to variablex as
follows

f(sy)=F[f(xy)ix-s]= I X,y) exp(=ixs) dx (20)

By employing Eqg. (20) to the Eq. (13) and (16) asthg the regularity conditions
(2) we obtained the transformations of the macepidicementdJ and V in
the form

U(sy)= iskZ:‘/(kak (s)exp(-|dy.y)
RSO WERCLECEIY)

where g, (s), k =1,2 are unknown functions.
Assuming that the unknown contact pressp(e<) can be represented by aver-
aged contact pressure, we have

(21)

ax AZ——— (x), for [{<a,y=0 (22)

By using Eq. (22) and (3we obtain that the functions (s), k =1,2 are the solu-
tions of system of linear algebraic equations

Zak(sxAzyz KB) = p(s)

; (23)

Zak(s)yk(1+ k)=0

k=1
where

p(s) =F| p(x x -'S exp —ixs)dx (24)
[p(ix - s]== | p()exe(-be)
The solution to system of equations (23) takeddha:
k+l
GO ps)n(B+C) -y o, (25)

a(s)= sz(yl—yz)(AQ;{+B)C
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Taking into account Eq. (25) and assuming thaf-x)=p(x) we obtain
the macro-displacement and stresseg-th layer:

J (s p( )(B+C)2 kel Vo Ky
0e9) =g e 2 et g o diny) @9

V(S7y)=_wi(_l)kﬂ( y;z%:B) p( atiZ ) (27)

(28)

where:

() _ B+C &, Ve (£B- KA) _
g (S’y)_(yl_yz)cg;( 1) (Azyf+B) exr( |S|yky)

= p(j B+C ¢ k+ly3—k(yk2Ej_lq<Dj)
yy( )(S’ y) :m;(‘l) (Azyf + B) exp(—|s4yky) (29)

B+C w1 Vi Voo L+
L e R RL 1)

The functions p(s) in Eq. (26-28) can be obtained from dual integeisations

by satisfying conditions (1)and (19), which leads to the following well-known
dual integral equations [16, 17]:

\/]:Z_j p(s)sin(xs)ds = —% for O<x<a

o

. (30)
Z 1 p(s)coskss= 0 forx>a
e

whereC, =~ AAA;:M;ZVZ) :
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After some calculations the transform of contaespure takes the form, respec-
tively:
« parabolic shape of punch

- m a J(as)
== 31
p(s) 2C,R s (31)
» rectangular shape of punch
() == Jo(as) (32)
Jorr°

In equation (31) the unknown parameteican be determined from equilibrium
conditions as follows

_jz p(x)dx =P, where p(x) :\/%I p(s)sin(xs)ds :$ a’-x>  (33)

and we obtain

2C,RP

a’ = (34)
T
The mean contact pressure denotedppys given by
17 P
=— X)Jdx =— 35
P 2a_J; p(x)ax = (35)

and it is the same value for the two described<aSeom (35) and (31), (32) it
follows that

p(s) :Fimcos(xs Yix :\/EM - parabolic punch (36)
Po ]To Po a S

LUOM \/Eja'ﬂcos(xs)ix =\/§a\]0 (as) - rectangular punch (37)
po ﬂo pO T

The solution of the problem given in (26)-(29) istained in the form of Fourier
integrals and the analytical calculations are pmssibut their presentation is
rather too long. The integrals will be calculatadnerically and distributions of
stresses will be shown in the form of figures.
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Remark

Let us to consider the case fdf=A, =A, y, =u, =u (then the considered
body is a homogenous and isotropic). Thus, we have:

A=A, g=u, R1=[u]=0

38
A1=A2=A+2,u,B=/],C:lu,Dj =A’Ej:/1+211j=112 (38)

We can observe that the roots of characteristiaggu (15) tend to; - ) - 1
andx; - k5, - 1. By using the d’'Hospital rule in the form:

0
L) o L'(K)
lim —~—=%=1lim 39
h-rM(n) n-reM'(K) (39)
For example, we consider vertical macro-displacdnveror the case of para-
bolic punch:

2

o p(s)(Bec) . AU (A +BlexpCls ky)

i N YA G - (40)
_Vi(2A+l9y(B+ A k) ex(Hs ) p(s)(B+C)
(B+A) sC

Taking into account Eq. (38) and — ), — 1 we are obtained

2N (s,y) = (2(1-v) +[sly) p(s)| s ex{ s]y) (41)

This result is adequate to solution obtained ind¢hse of homogenous body
[18]. The limit passing in the solutions of the Iplem can be calculated in
the same way.

4. Theresults of numerical analysis

Let us denote the dimensionless coordinate sys(tg*my*) related toa:

X =x/a,y =y/a. In all figures the stress components will be shoim
the dimensionless form related to mean contactspres, described by Eq. (35).

In Figure 2 the dimensionless contact pressurepersented for two considered
cases of Young modulus ratlg/E, =4;8 and Poisson’s coefficientg =v, =0.3

for | =d/a=0.1.
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Fig. 2. The dimensionless contact pressgwtgy(x*,o)/ p, - @& b) parabolic punch,
¢, d) rectangular punch

The inverse transform of contact pressure was [kl exactly within homoge-
nized model with microlocal parameters and it showrig. 2. Calculating the
integrals in Eq. (28) we obtain:

» parabolic punch

Ji;j/) (X,O)/po :i(—l)kﬂ (VkZEj — KD, S5, %m' =1z (42

» rectangular punch

2 1

T.[1- (x/a)?

. 2
o (x,0)/p, = (1" (E; - D, )5, Li=1z  (43)
k=1



On plane contact problem of an elastic periodidalgred composite ... 215

where

G, = Vs B+C A B+C

= , G, = 44
Vi~ ¥, (Ay; +B)C K- ¥ (A, +B)C (44)

The dimensionless normal stress componeff and dimensionless shear
stress componenvg) for parabolic punch are shown in Figure 3. We ohn
served that the this components are continuoul@interfaces.

o O-(J) / pO Foo1sq

16 16

L 14+
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\-‘-oz\\\ 06
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D S

T T T
02 04 06 08 1 * 1.2 14 16 18 2

E//E,=16, n=05v,=v,= 0. E/E,=16, 7=0.5v,=v,= 0.

Fig. 3. The dimensionless stress distributiondi of constant values fex) / p, and
Uiy” ! Py for parabolic punch

These distributions of stresses are presented founy modulus ratio
E,/E, =16, Poisson ratiog;, =v, =0.3 and#7 =0.5. It is shown, that the maximal

values ofa’ / p, on the boundary are located on the centre of coatme, but in

the case of shear stresses, the maximal valuestaagded under the boundary sur-
face located near the ends of contact zone. Thefigexe (Fig. 4) shows some
results for rectangular punch, f& /E, =8, v, =v, =0.3 and7 =0.5.

In this case, the maximal concentration of stressemn the ends of contact
zone and the stresses are fast decreases witlephie. d he influence of mechani-
cal and geometrical properties of composites orctimtact pressure was presented
in Figure 5.

Figure 5a shows the influence of geometrical prigerepresented by parame-

ter 7 on the contact pressure at the centre of contamst,zx =0, y = 0.



216 D.M. Perkowski

2 I I 2.

b)

1.8 & 0.)(01() / Pol 1s L ﬁ{. 0')(()],)/ Po
a) \_/DD b) =3 3

1.64 16

1.4*\/»:\ 4

1.2 24

/_Q_A-'I-
0 012 014 0‘.6 O‘.B 1 X* 112 118 2
/IE,=8, n=0.5,v,=v,= 0. /E, =8, n=0.5v,=v,=0.
2 1 2 2 1 2

Fig. 4. The dimensionless stress distribution rédi of constant values fer)’ and o) for
rectangular punch
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Fig. 5. The dimensionless contact pressure disttdbu-g;y(x',o)/ Po for parabolic punch at

the contact centre as a functionp(a) or E, / E, (b)

Conclusions

In this paper it was presented the exact solutothé contact problem formu-
lated within the homogenized model with micrologalrameters. The boundary

condition connected with the stresse%j) has been replaced by the averaged
ones. This approach together with the applicatibthe homogenized model was
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used to solve the boundary problem of laminatee@rld$9]. In this paper [19]
the solutions within the framework of the homogerdiznodel were compared with
the results obtained by using the theory of eldgtiand good consistences of both
solutions were confirmed.
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