Please cite this article as:

Tadeusz Konik, On the tangency of the rectifiable arcs, Scientific Research of the Institute of Mathematics and
Computer Science, 2006, Volume 5, Issue 1, pages 32-39.

The website: http://www.amcm.pcz.pl/

Scientific Research of the Institute of Mathematics and Computer Science
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Abstract. In this paper some problems of the tangency of the rectifiable arcs in generalized
metric spaces (E, l) are considered. Some sufficient and necessary conditions for the tangency
of these arcs have been given here.

Introduction

Let (E,l) be a generalized metric space. E denotes here an arbitrary non-
empty set, and [ is a non-negative real function defined on the Cartesian
product Fy x Ejy of the family Ejy of all non-empty subsets of the set E.

Let k be any, but fixed positive real number, and let a,b be arbitrary non-
negative real functions defined in a certain right-hand side neighbourhood of
0 such that

a(r)——0 and b(r) ——0 (1)

r—0+ r—0+

We say that a pair (A4, B) of sets of the family Ey is (a,b)-clustered at the
point p of the space (E,1), if 0 is the cluster point of the set of all numbers
r > 0 such that the sets AN Sy(p,7)q() and B N Sy(p, )y(r) are non-empty.

The sets Sj(p, 7)q(ry and Sy(p, 7)) (see [13]) denote here so-called a(r)- and
b(r)-neighbourhoods of the sphere S;(p,r) with the centre at the point p € E
and the radius r > 0 in the space (FE, ), respectively.

The tangency relation Tj(a, b, k, p) of sets of the family Ey in the generalized
metric space (E,1) is defined as follows (see [13]):

Ti(a,b, k,p) = {(A, B): A, B € Ey, the pair (4, B) is (a, b)-clustered

at the point p of the space (F,[) and

1
l(AmSl(pa r)a(r)aB N Sl(p, r)b(r)) ——>0} (2)

rk r—0+
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If (A, B) € Ti(a,b,k,p), then we say that the set A € Ep is (a,b)-tangent
(or briefly: is tangent) of order k to the set B € Ej at the point p of the space
(ELD).

Let p be an arbitrary metric of the set /. We shall denote by d,A the
diameter of the set A € Ey, and by p(A, B) the distance of sets A, B € Ejy in
the metric space (E, p).

Let f be any subadditive increasing real function defined in a certain right-
hand side neighbourhood of 0, such that f(0) = 0. By §¢, we will denote the
class of all functions [ fulfilling the conditions:

10 l: E(] X EO — <0,00),

20 f(p(A,B)) <I(A,B) < f(d,(AUB)) for A,B € Ey.

It is easy to check that every function [ € §;, generates in the set £/ the metric
lp defined by the formula:

lo(z,y) =l({z},{y}) = f(p(x,y)) for z,y€cE (3)

In this paper we shall consider certain problems concerning the tangency of
the rectifiable arcs of the classes A, and ﬁp in generalized metric spaces (E, 1),
where | € §t,. Some theorems for the tangency of the arcs of these classes
have been given here.

1. The tangency of the rectifiable arcs of the class ]{p

Let p be a metric of the set F, and let A be any set of the family Ejy of all
non-empty subsets of the set . By A’ we shall denote the set of all cluster
points of the set A of the family Ej.

The classes of sets gp, mentioned in the Introduction of this paper, is defined

as follows (see papers [1, 11, 12]):
ﬁp = {A € Ey: A is rectifiable arc with the origin at the point p € E and

0w
Awpppr) 0T I @

where ¢(pz) denotes the lenght of the arc pzr with the ends p and x.

If ¢ =1, then we say that the rectifiable arc A € Ey has the Archimedean

property at the point p of the metric space (E, p), and is the arc of the class
Ap.
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In the paper [11] W. Waliszewski proved (see Theorem 2) that the class of
arcs Ay is contained in the class of sets A7 defined by the formula:

Ay ={A € Ep: pe A" and there exists a number A > 0 such that

[A3p]3 (z,y)— (p:p) p(p, )

where
[Asp] = {(z,y): € E, y € A oraz p(z, A) < p(p,z) = p(p,y)}  (6)
and
p(x, A) =inf{p(z,y): y € A} for z € E (7)

From the considerations of the papers [1, 11, 12] it follows that the class of
sets Ay is contained (for k = 1) in the class M, :

My = {A€Ey: pe A’ and there exists p > 0 such that
for an arbitrary € > 0 there exists 6 > 0 such that
for every pair of points (z,y) € [A, p; i, k]

p(z, A) p(z,y)
Pk (p, x) pk(p, )

< 6, then

if p(p,x) <6 and < e} (8)

where

(A, psp, k] = {(z,y): v € E, y€ A and pp(a, A) < p*(p,z) = p*(p,y)}.

We say (see [6]) that the set A € Ej has the Darboux property at the point p
of the generalized metric space (E,[), and we shall write this as: A € D,(E, 1),
if there exists a number 7 > 0 such that A N S;(p,r) # @ for r € (0, 7).

Because any rectifiable arc A with the origin at the point p € E has the
Darboux property at the point p of the generalized metric space (E, 1), then
from here and from the above definition of the class of sets Mpyk it follows that
A, C M, N Dy(E,1).

From Theorem 2.1 of the paper [10] and from the above inclusion it follows
the following corollary:
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_ Corollary 1.1. If in the metric space (E,p) the arc A belongs to the class
Ap, then

ar) (9)
r  r—o0t
if and only if
1
Zd.(A 1
po( ﬂSp(paT)a(r)):_FO (10)

Using this corollary we shall prove:

Theorem 1.1. If for arbitrary function | € §;, and rectifiable arcs A, B €
A, the pair (A, B) € Ti(a, b, 1,p) in the generalized metric space (E,l), then

M%O and M—>0 (11)

T  roo0t T  r—=o0t+

Proof. We assume that (A, B) € Tj(a,b,1,p) for A,B € gp and [ € §y,.
From here, putting [ = f o d, we obtain

L F (AN S, r)ae) U (BASKp ) ——0 (12)

r—0t

Because

dP(A NS (p’ T)a(r)) < dp((A NS (p’ r)a(r)) U (B n Sl(p? r)b(r)))’

and

dp(B N S1(p:)p(r)) < dp((AN S (P, 7)ar)) U (BN SHP, b))

then from here, from (12) and from the properties of the function f follows

S Hp (AN S, ary) ——0 (13
and
ST B O S0y i) — 0 (14)

Hence and from the equality

f(dpA) =djA for A€ Ey (15)
we obtain

1

;dz(Aﬂ Si(Ps7)a(r)) ﬁo (16)
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and
1
—d)(B 1
rdl( N Si(p,7)b(r)) ;—_@—+>0 (17)
Because every function | € §;, generates in the set E' the metric [y, then
from here, from (16), (17) and from Corollary 1.1 follows the thesis of this
theorem.

Theorem 1.1 has fundamental meaning for the tangency of the rectifiable
arcs in the generalized metric spaces (E,1). From above theorem it follows that
the condition (11) is sufficient and necessary condition, among other things,
for the compatibility, equivalence, additivity and homogeneity of the tangency
relation Tj(a, b, 1, p) of the rectifiable arcs of the class gp.

Below we shall prove:

Theorem 1.2. Ifin the genemlzzed metric space (E, 1) the functwn I € Sgp,
and the rectifiable arcs A, B € A are subsets of a certain arc C' € Ap, then
(A, B) € Ti(a,b,1,p) if and only if the functions a,b fulfil the condition (11).

Proof. We assume that the functions a,b fulfil the condition (11). Let
a = max(a,b). Hence, from (11), from Theorem 2.1 of the paper [10] and
from the fact that every function | € §y, generates in the set £ the metric lo
it follows that

1
—h(C 0 Si(p, ) ——0 (18)

r—0+t

Because from the assumptions of this theorem
ANSI(p;7)aery € CNSi(p,7)aery and BN Si(p,7)p) € CNOS1p; 1)y (19)

then from here and from (18) follows

1

Zdi(A — 2

LA D S, i) ——0 (20)
and

1

;dl(Bﬂsl(p,T)b(r)) ;—_@—+>0 (21)

Let by the definition p;(A, B) denote the distance of sets A, B € Ej in the
generalized metric space (F,[), i.e

p(A, B) = inf{lo(z,y): x € A, ye B} for A, Be€ E (22)
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From the equality (3) and from the properties of the function f follows
f(p(A,B)) = f(inf{p(z,y) : =€ A, y<cB})
=inf{f(p(z,y)): v € A, y € B} =inf{lo(z,y): x € A, y € B} = p)(4, B),

that is to say,
pi(A,B) = f(p(A,B)) for A BE€E (23)
From (19) it follows that
(AN S(p;7)ary) U (BN Si(psm)pry) € C N Si(D7)ar)-
Hence we get the inequality
P (AN S (P, 7)a(rys B NSt (D))
< di((ANSi(p;7)agry) U (BN SH(p, 1)) < di(C O Sips7)ar)) (24)

From here, from (19), (24), from the properties of the function f and from
the inequality

d)(AUB) < d,A+d,B+p(A,B) for A Be Ey (25)

we obtain
AN S (P, 7)a(ry> BNV Si(p,7)e(r))
(do((AN Si(p; ) a(ry) U (BN SH(P,T)b(r))))
(dp(AN Si(p,7)a(r)) + dp(B N Si(p, 1))
+p(AN 8D 7)a@ry, B O SIHD; T)pr)))
< f(dp(AN S (P )a(r))) + f(dp(B N Si(p, 7)p(r)))
+f(P(AN S (D, 7)arys B O SUDT)b(r)))
= di(ANSi(p,7)a@r)) + di(B N Si(p, 7))
+o (AN S (P, 7)a(rys B O SIHP; T)p(r))
< 3d(C N Si(p, 7))

<f
<f

in other words

AN S (D, 7)a(rys BN SIHD; Tpry) < 3di(C N Si(p,7)ar)) (26)
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Hence and from the condition (18) we get

1
—UANS(P,)a(ry, B O SHD,7)b(r) —— 0 (27)

r—0+
Hence and from (27) it results that (A, B) € Tj(a,b,1,p). This ends the
proof of the sufficient condition. The necessary condition of this theorem
follows from the assumptions of the theorem and from Theorem 1.1 of this
paper.
From Theorem 1.2, the following corollaries follow:

Corollary 1.2. If 1 €3¢, and AUB € Zp, then (A, B) € Ti(a,b,1,p) if
and only if the functions a,b fulfil the condition (11).

Corollary 1.3. If 1 €3y, and A € gp is subsets of the arc B € gp, then
(A, B) € Ti(a,b,1,p) if and only if the functions a,b fulfil the condition (11).

Corollary 1.4. If A € jp and | € §gp, then (A, A) € Ti(a,b,1,p), in
other words, the tangency relation Tj(a,b,1,p) is reflexive in the class Ay, of
the rectifiable arcs if and only if the functions a,b fulfil the condition (11).

All results presented in this paper are true for the rectifiable arcs of the
class A, having the Archimedean property at the point p of the generalized
metric space (F, ).
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