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Abstract. The present paper deals with the connections between tangency relations of sets
T(a;,bi,k,p) (I =1,2) in the metric space (E,p) and monotonicity function /

Let (£,p) be a metric space. Let the set
S(p.t)={xe E: p(p,x)=1} (1
denote the sphere with centre of the point p and the radius ¢, and
K(p.1)={xe E: p(p.x) <1} )

denote the ball with centre of the point p and the radius 7. The a set

S(p.r), = U Klg.zt) for t>0 3)
qeS(p.r)
and
S(p,r), =S(p,t) for t=0 (4)

will be called the ¢ - neighbourhood of the sphere. The E; be the family of all non-
-empty subset of set E.

Let a and b are non-negative real functions defined in a right-hand neighbour-
hood of the point 0 such that

a(r)T)O and a(r)T)O (5)

The pair (4,B) is (a,b) - concentrated at the point p if 0 is a concentration point of
the set all real numbers » > 0 such that the sets 4N .S (p,r)a(r) and BmS(p,r)b(r)

are non-empty.
Let / be a real non-negative function defined on the Cartesian product EyxEy
satisfying the condition

() )= plx.y) for x,yeE (6)
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The set 4 is (a,b) - tangent order £ at the point p € E to the set B if the pair (4,B) is
(a,b) - concentrated at the point p and

1
“ANS () BASP) )0 )

r—0"

where £ is an arbitrary positive real number. The relation
T)(a,b.k, p)=

8
- {(A,B): ABeE, Aikl(A AS(P.7) s BO S(p,r)b(,))ﬁo} ®)
7 I

will be called the relations of tangency of the set in the metric space (£,p).
THEOREM 9. If 0 <t <1, t1,1; € R (the R is set of real numbers), then
S(p.r), = S(p.r),

Proof. Let #,> 0 then and x e S(p,r),I from (3) exists a point ¢ € S(p,r) such that
xe K(g.1,), there p(g,x)<t, <t, and so x € K(p,t,) to say xeS(q,t),z. Lett;, =0
then S(p,r),l =S(p.r). Let xeS(p.r) to say p(p,x)=r and x e K(p.t,), there-
fore x e S(q,t),z. This ends the proof.

THEOREM 10. If

I(4,B)<I(C,B) for AcC (A,B,CeE,) an
and a,(r)< a,(r) for r> 0, then

(4.B)e T(a,.b.k. p)= (4. B) e T (a1.b.k. p)

Proof. Let (4, B)e T;(a,.b.k, p) and a,(r)< a,(r) for »> 0. Then q, (1) —=—0
from here and from theorem (9) (p,r)al(r) cS (p,r)a2 (r) for say

1 1
r—kl(AmS(p,rx,l(r),BmS(p,r)uz(,>)sr—kl(AmS(p,r)uz(,>,BmS(p,m(,))

from here (4, B)e T;(a,,b,k, p). This ends the proof.
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Example 12. The function
1,(4, B) = sup {diam ({x} U B);x € A}

by diamA we shall denote the diameter of the set 4, the 4, B € E, satistying the
condition (6) and (11), therefore for

(4,B)eT;(a),b,k, p)= (4,B) e T;(ay,b.k, p)
THEOREM 13. If

I(4,B)<l(4,D) for Bc D (4,B,DeE,) (14)
and b,(r)< b, () for >0, then

(4,B)eTi(a. bk, p)<=(4,B)e T(a.b,. k. p)
Proof. Let (4,B)eT;(a.by.k. p) and b,(r)<b,(r) for r> 0. Then b(r)————>0

from here and from theorem (9) S(p,r)b1 ) < S(p,r)bz(,) for say

1 1
r—kZ(AmS(p,r)g(,>,BmS(p,m,(,))sr—kl(AmSmr)aWBmS(p,r)bzm)

from here (4, B)e T(a,b,.k, p). This ends the proof.
Example 15. The function /; by the formula
1,(4, B) = diam(4 L B)
satisfying the condition (6) and (14), therefore for a,(r)< a,(r) as ¥>0
(4,B)e T(a,by,k, p) <= (4, B) e Ty(a, b, k, p)
THEOREM 16. If
1(4,B)>1(C,B) for AcC (4,B,C€eE,) (17

and a,(r)< a,(r) for »> 0 and a, (V)T 0, then

(4. B)e T(ay.b.k, p)=(4,B)e T,(a,b,k, p)
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Proof. Let (4, B)e T;(a,.b.k, p) and a,(r)< a,(r) for » > 0. Then al(r)TO
from here and from theorem (9) S(p, ) = S(p, ) ) for say

1 1
r—kl(AmS(p,r)g,(,),BmS(p,mz(,)) = {ANS(P.F), 0 BASPFyir))

from here (4, B)e T;(a,.b.k, p). This ends the proof.

Example 18. The function /s by the formula
I (A, B) = inf{diam({x}u B);x € A}
satisfying the condition (6) and (14), therefore for a,(r)<a,(r) asr>0

(4,B)e T,(a.b.k, p)= (4.B) e T,(a.b,. k. p)

THEOREM 19. If
(4,B)>1(4,D) for BcD (4,B,DeE,) (20)

and b,(r)<b,(r) for r>0and b, (F)T) 0, then
(4. B)e Ti(a.by.k, p) = (4,B)e T,(a,by. k., p)

Proof. Let (4,B)eT;(a,b,.k,p) and a,(r)<a,(r) for » > 0. Then from here and
from theorem (9) (p r) =0 (p r) ) for say

1
_I(AmS(par)u(r)’BmS(p’r)bz(r)) _k (AmS(pDF)u(r)’BmS(p’r)bl(r))

from here (4, B)e T;(a,.b, k, p). This ends the proof.

The metric p induces some /,(x) defined by formulas:

L (4, B) =inf{inf{p(x, y); ¥y € B};x € 4}
1,(4,B) =sup{inf{p(x,y);y € B};x € 4}
(4, B) = inf{sup{p(x,y);y € B};x € 4}
1,(4, B) =sup{sup{p(x,y);y € B};x € A}
I5(A4, B) =sup{diam{x} U B;x € A}

l(4, B) = inf{diam ({x} U B); x € A}
1,(A, B) = diam(4 L B)
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The function /; satisfying conditions (17) and (19). The function /, satisfying con-
dition (11) and (14). The function /; satisfying condition (17) and (14). The func-
tion /, satisfying condition (11) and (14).

THEOREM 21. For 4,B < E,
ly(4, B) = max{diamA, diamB,1,(4, B)}

Proof. Let a’iam(A ) B) =s <o, Let the £ >0, exist point x,y € AU B such as this

s—& < p(x,y)<s. Then at least one inequality:

s—e<p(x,y)<s for x,yed
s—s<,0(x,y)§s for x,yeB
s—e<p(x,y)<s for xed,yeB

is true.

From here diam(A U B)=diamA and diamB <diamA and 1,(4, B)< diamA
or diam(4 U B)=diamB and diamA < diamB and 1,(4, B)< diamB
else diam(4 U B)=1,(4,B) and diamA<1,(4,B) and diamB <1,(4,B)
therefore

diam(4 U B)= max{diamA,diamB,1,(4 < B)}

Let diam(A U B) =o0, then exist point x,ye€ AU B that such p(x, y) > N, where
N is arbitrary positive real number, then at least one inequality: p(x, y) >N for
X,y €A, p(x,y)> N for x,yeB, p(x,y)> N for xeA,yeB. From here
diamA = or diamB = else 1,(4, B)= . This ends the proof.

THEOREM 22. For 4,B < E, I,(4, B)=max{diam(4,1,(4, B))}.
Proof. Let the 4= {x} fora x € E to say diamA = 0. Then from Theorem (21)

diam({x}u B)= max{diamB, sup{p(x, yrye B}}

Therefore
1,(4, B) = inf{max{diamB,sup{p(x, y), y € B}};x € 4}
Let
max{diamB,inf {sup{p(x, v}, y € B};x € A}} = diamB
that is

inf{sup{p(x, ),y € B}; x €} < diamB
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to say exist a point x, € 4 such that sup{,o(xo, y); ye B}S diamB. For an arbitrary
point x € A

diamB < inf {max{diamB, sup{p(x,y)ky e B}}; xedl<
< max{diamB, sup{p(x,. y)ye B}} =diamB

Let
max{diamB, inf{sup{p(x, yyyeBhxeAl}= inf{sup{p(x, yLyeBlxe A}
then
inf > {sup{p(x, y):yeBhxe A} >diamB
that is

sup{p(x, )y € B}>diamB for xe 4

For arbitrary point x € 4

sup{p(x, ),y € B} < max{diamB,sup{p(x, ),y € B}

from here

inf{sup{p(x, )y e Blixe A} = inf{max{diamB,sup{p(x, y).y B}}; xXe A} <
< max{diamB, sup{p(x, y);y € B}} < sup{p(x, y},y € B}

Therefore
inf{sup{p(x, yLye B};e A} = inf{max{diamB,sup{p(x, yLye B}};x € 4}

This ends the proof.
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