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Abstract. The present paper deals with the connections between tangency relations of sets  

Tl(ai,bi,k,p) (l = 1,2) in the metric space (E,ρ) and monotonicity function l. 

Let (E,ρ) be a metric space. Let the set 

 ( ) ( ){ }txpExtpS =∈= , :, ρ  (1) 

 denote the sphere with centre of the point p and the radius t, and 

 ( ) ( ){ }txpExtpK <∈= , :, ρ  (2) 

denote the ball with centre of the point p and the radius t. The a set 

 ( )
( )

( )tqKrpS
rpSq

t ,,

,∈

= U    for  t > 0 (3) 

and 

 ( ) ( )tpSrpS
t

,, =    for  t = 0 (4) 

will be called the t - neighbourhood of the sphere. The E0 be the family of all non- 

-empty subset of set E. 

Let a and b are non-negative real functions defined in a right-hand neighbour-

hood of the point 0 such that 

 ( ) 0
0
 →
+
→r

ra     and  ( ) 0
0
 →
+
→r

ra  (5) 

The pair (A,B) is (a,b) - concentrated at the point p if 0 is a concentration point of 

the set all real numbers r > 0 such that the sets ( ) ( )ra
rpSA ,∩  and ( ) ( )rb

rpSB ,∩  

are non-empty. 

Let l be a real non-negative function defined on the Cartesian product E0xE0 

satisfying the condition 

 { } { }( ) ( )yxyxl ,, ρ=    for  Eyx ∈,  (6) 
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The set A is (a,b) - tangent order k at the point p ∈ E to the set B if the pair (A,B) is 

(a,b) -  concentrated at the point p and 

  ( ) 0),(,),(
1

0
)()(  →∩∩

+
→r

rbrak
rpSBrpSAl

r
 (7) 

where k is an arbitrary positive real number. The relation 

 

( )

( ) ( )








 →∩∩∧∈=

=

+
→

0),(,),(
1

,:, 

,,,

0)()(0
r

rbrak

l

rpSBrpSAl
r

EBABA

pkbaT

 (8) 

will be called the relations of tangency of the set in the metric space (E,ρ). 

THEOREM 9. If 0 ≤ t1 ≤ t2, t1,t2 ∈ R (the R is set of real numbers), then 

 ( ) ( )
21

,,
tt

rpSrpS ⊂  

Proof. Let t1 > 0 then and ( )
1

,

t
rpSx∈ from (3) exists a point ( )rpSq ,∈  such that 

( ),,
1
tqKx∈  there ( )

21
, ttxq ≤<ρ  and so ( )

2
, tpKx∈  to say ( ) .,

2t
tqSx∈  Let t1 = 0 

then ( ) ( ).,,

1
rpSrpS

t
=  Let ( )rpSx ,∈  to say ( ) rxp =,ρ  and ( ),,

2
tpKx∈  there-

fore ( ) .,

2t
tqSx∈  This ends the proof. 

THEOREM 10. If 

 ( ) ( ) ,, BClBAl ≤   for ( )
0

EC,B,A ∈⊂CA  (11) 

and ( ) ( )rara
21

≤  for r > 0, then 

                            ( ) ( ) ( ) ( )pkbaTBApkbaTBA ,,,,,,,,

1121
∈⇒∈  

Proof. Let ( ) ( )pkbaTBA ,,,,

21
∈  and ( ) ( )rara

21
≤  for r > 0. Then 0)(

0
1

 →
+
→r

ra   

from here and from theorem (9) ( ) ( ) ( ) ( )rara
rpSrpS

21
,, ⊂  for say 

( ) ( ))()()()( ),(,),(
1

),(,),(
1

221 rbrakrarak
rpSBrpSAl

r
rpSBrpSAl

r
∩∩≤∩∩  

from here ( ) ( ).,,,,
11

pkbaTBA ∈  This ends the proof. 
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Example 12. The function 

( ) ( ){ }AxBxdiamBAl ∈∪= ;}{sup,
5

  

by diamA we shall denote the diameter of the set A, the ,,

0
EBA ∈  satisfying the 

condition (6) and (11), therefore for 

( ) ( ) ( ) ( )pkbaTBApkbaTBA ,,,,,,,,

2111
∈⇒∈  

THEOREM 13. If 

 ( ) ( ) ,, DAlBAl ≤   for ( )
0

,, EDBADB ∈⊂  (14) 

and ( ) ( )rbrb
21

≤  for r > 0, then 

( ) ( ) ( ) ( )pkbaTBApkbaTBA ,,,,,,,,
2111

∈⇐∈  

Proof. Let ( ) ( )pkbaTBA ,,,,

21
∈  and ( ) ( )rbrb

21
≤  for r > 0. Then 0)(

0
1

 →
+
→r

rb   

from here and from theorem (9) ( ) ( ) ( ) ( )rbrb
rpSrpS

21
,, ⊂  for say 

( ) ( ))()()()( 21
),(,),(

1
),(,),(

1
rbrakrbrak

rpSBrpSAl
r

rpSBrpSAl
r

∩∩≤∩∩  

from here ( ) ( ).,,,,

21
pkbaTBA ∈  This ends the proof. 

Example 15. The function l7 by the formula 

( ) ( )BAdiamBAl ∪=,

7
 

satisfying the condition (6) and (14), therefore for ( ) ( )rara
21

≤  as r > 0 

( ) ( ) ( ) ( )pkbaTBApkbaTBA ,,,,,,,,
2111

∈⇐∈  

THEOREM 16. If 

 ( ) ( ) BClBAl ,, ≥   for ( )
0

,, ECBACA ∈⊂   (17) 

and ( ) ( )rara
21

≤  for r > 0 and ( ) ,0
0

2
 →
+
→r

ra  then 

( ) ( ) ( ) ( )pkbaTBApkbaTBA ,,,,,,,,

1121
∈⇒∈  



J. Grochulski 50

Proof. Let ( ) ( )pkbaTBA ,,,,

21
∈  and ( ) ( )rara

21
≤  for r > 0. Then ( ) 0

0
1

 →
+
→r

ra  

from here and from theorem (9) ( ) ( ) ( ) ( )rara
rpSrpS

21
,, ⊂  for say 

( ) ( ))()()()( ),(,),(
1

),(,),(
1

121 rbrakrarak
rpSBrpSAl

r
rpSBrpSAl

r
∩∩≤∩∩  

from here ( ) ( ).,,,,

21
pkbaTBA ∈  This ends the proof. 

Example 18. The function l6 by the formula 

( ) { }( ){ }AxBxdiamBAl ∈∪= ;inf,
6

 

satisfying the condition (6) and (14), therefore for )()(
21
rara ≤  as r > 0 

( ) ( ) ( ) ( )pkbaTBApkbaTBA ,,,,,,,,
2111

∈⇒∈  

THEOREM 19. If 

 ( ) ( ) DAlBAl ,, ≥    for ( )
0

,, EDBADB ∈⊂  (20) 

and ( ) ( )rbrb
21

≤  for r > 0 and ( ) ,0
0

2
 →
+
→r

rb  then 

( ) ( ) ( ) ( )pkbaTBApkbaTBA ,,,,,,,,
2111

∈⇒∈  

Proof. Let ( ) ( )pkbaTBA ,,,,
11

∈  and ( ) ( )rara
21

≤  for r > 0. Then  from here and 

from theorem (9) ( ) ( ) ( ) ( )rara
rpSrpS

21
,, ⊂  for say 

( ) ( ))()()()( 12
),(,),(

1
),(,),(

1
rbrakrbrak

rpSBrpSAl
r

rpSBrpSAl
r

∩∩≤∩∩  

from here ( ) ( ).,,,,

21
pkbaTBA ∈  This ends the proof. 

The metric ρ induces some li(x) defined by formulas: 

}};);,(inf{inf{),(
1

AxByyxBAl ∈∈= ρ  

}};);,(sup{inf{),(
2

AxByyxBAl ∈∈= ρ  

}};);,(inf{sup{),(
3

AxByyxBAl ∈∈= ρ  

}};);,(sup{sup{),(
4

AxByyxBAl ∈∈= ρ  

};}{sup{),(
5

AxBxdiamBAl ∈∪=  

});}({inf{),(
6

AxBxdiamBAl ∈∪=  

( )BAdiamBAl ∪=),(
7
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The function l1 satisfying conditions (17) and (19). The function l2 satisfying con-

dition (11) and (14). The function l3 satisfying condition (17) and (14). The func-

tion l4 satisfying condition (11) and (14). 

THEOREM 21. For 
0

, EBA ∈  

( ) ( ){ }BAldiamBdiamABAl ,,,max,
48

=  

Proof. Let ( ) .∞<=∪ sBAdiam  Let the ,0>ε  exist point BAyx ∪∈,  such as this 

( ) ., syxs ≤<− ρε  Then at least one inequality: 

( ) syxs ≤<− ,ρε     for  Ayx ∈,      

( ) syxs ≤<− ,ρε     for  Byx ∈,      

  ( ) syxs ≤<− ,ρε     for  By Ax ∈∈ ,  

is true. 

From here ( ) diamABAdiam =∪  and diamAdiamB ≤  and ( ) diamABAl ≤,

4
 

or ( ) diamBBAdiam =∪  and diamBdiamA ≤  and ( ) diamBBAl ≤,

4
 

else ( ) ( )BAlBAdiam ,

4
=∪  and ( )BAldiamA ,

4
≤  and ( )BAldiamB ,

4
≤  

therefore 

( ) ( ){ }BAldiamBdiamABAdiam <=∪
4

,,max  

Let ( ) ,∞=∪ BAdiam  then exist point BAyx ∪∈,  that such ( ) ,, Nyx >ρ  where 

N  is arbitrary positive real number, then at least one inequality: ( ) Nyx >,ρ  for 

,, Ayx ∈  ( ) Nyx >,ρ  for ,, Byx ∈  ( ) Nyx >,ρ  for ., ByAx ∈∈  From here 

∞=diamA  or ∞=diamB  else ( ) .,
4

∞=BAl  This ends the proof. 

THEOREM 22. For 
0

, EBA ∈  ( ) ( )( ){ }.,,max,
39

BAlAdiamBAl =  

Proof. Let the { }xA =  for a Ex∈  to say .0=diamA  Then from Theorem (21) 

{ }( ) ( ){ }{ }ByyxdiamBBxdiam ∈=∪ ;,sup,max ρ  

Therefore 

( ) ( ){ }{ }{ }AxByyxdiamBBAl ∈∈= ;;,sup,maxinf,
7

ρ  

Let 

( ){ }{ }{ } diamBAxByyxdiamB =∈∈ ;;,supinf,max ρ  

that is 

( ){ }{ } diamBxByyx ≤∈∈ ;;,supinf ρ  
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to say exist a point Ax ∈
0

 such that ( ){ } .;,sup
0

diamBByyx ≤∈ρ  For an arbitrary 

point Ax∈  

( ){ }{ }{ }
( ){ }{ } diamBByyxdiamB

AxByyxdiamBdiamB

=∈≤

≤∈∉≤

;,sup,max

;;,sup,maxinf

0
ρ

ρ
 

Let 

( ){ }{ }{ } ( ){ }{ }AxByyxAxByyxdiamB ∈∈=∈∈ ;;,supinf;;,supinf,max ρρ  

then 

( ){ }{ } diamBAxByyx ≥∈∈≥ ;;,supinf ρ  

that is 

( ){ } diamBByyx ≥∈;,sup ρ    for Ax∈  

For arbitrary point Ax∈  

( ){ } ( ){ }{ }ByyxdiamBByyx ∈≤∈ ;,sup,max;,sup ρρ  

from here 

( ){ }{ } ( ){ }{ }{ }
( ){ }{ } ( ){ }ByyxByyxdiamB

AxByyxdiamBAxByyx

∈≤∈≤

≤∈∈=∈∈

;,sup;,sup,max

;;,sup,maxinf;;,supinf

ρρ

ρρ
 

Therefore 

( ){ }{ } ( ){ }{ }{ }AxByyxdiamBAByyx ∈∈=∈∈ ;;,sup,maxinf;;,supinf ρρ  

This ends the proof. 
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